GENERATORS OF SOME RAMANUJAN’S FORMULAS

JESUS GUILLERA

ABSTRACT. In this paper we prove some Ramanujan-type formulas for 1/7
but without using the theory of modular forms. Instead we use the WZ-
method created by H. Wilf and D. Zeilberger and find some hypergeometric
functions in two variables which are second components of WZ-pairs as can be
certified by the package EKHAD, these certificates have an additional property
which allows us to get generalized Ramanujan-type series which are routinely
proven by computer. We call these second hypergeometric components of
the WZ-pairs generators. Finding generators seems a hard task but using a
kind of experimental research (explained below), we have succeeded in finding
some of them. Unfortunately we have not yet found generators for the most
impressive Ramanujan’s formulas. We also prove some interesting binomial
sums for the constant 1/72 Finally we rewrite many of the obtained series
using pochhammer symbols and study the rate of convergence.

SOME GENERATORS

We consider the functions in TABLE 1, (generators of first order). With package
EKHAD [4] we can check that all these hypergeometric functions Gi(n, k) are
second components of WZ-pairs [7] and at the same time get the first components
Fi(n, k) = Ci(n,k)G1(n, k), where C1(n, k) is the certificate [6]. We know that
Fi(n, k) and G1(n, k) are related by

Fl(n+ 17k) _Fl(na k) = Gl(nak+ 1) - Gl(n7k)

But in each case considered we have Fi(0,%k) = 0 and so

i [Gi(n,k+1— Gi(n, k) = i [Fi(n+1,k) — Fi(n, k)] = —F,(0,k) =0
n=0 n=0

which allows us to write

Y Gin,0)=3 Gin,1) =Y Gi(n,2) =Y Gi(n,3) = = cte
n=0 n=0 n=0 n=0

Even more, if we make the substitution of (—1)* by cos 7k the conditions of Carl-
son’s theorem [1] hold and applying it we conclude that for every real number k we
have

Z Gi(n, k) = cte
n=0
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For the functions G;(n, k) we are using we can get the value of the constant by
taking the limit at K = 1/2. And some Ramanujan’s formulas are obtained by
plugging k = 0. If we now define the function, (generators of second order)

Ga(n,k)=Fi(n+1,n+k)+ Gi(n,n+ k)

then from Zeilberger’s theorem we can easily derive that

i Ga(n, k) = i Gi(n, k) = cte
n=0 n=0

and again some Ramanujan’s formulas appear by plugging k£ = 0. We show these
formulas in TABLE 2 [5] We can also define the generators of higher order and of
course we have

> Gi(nk)=> Ga(n,k)=> Gs(n,k) = Gu(nk)=--- = cte
n=0 n=0 n=0 n=0

Observation: With the indicated generators not only have we succeeded in prov-
ing some Ramanujan’s formulas in an easy way, but also obtained many new inter-
esting formulas. An equivalent to the first generator was given by D. Zeilberger [2]
as an example to show this new way of proving Ramanujan’s formulas.

We now show explicitly the most interesting generalized series we have found
classified according to the type of binomials they use in case k = 0.

FIRST GROUP OF FORMULAS
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EXPERIMENTAL METHOD FOR FINDING GENERATORS
As an example I am going to explain how I found the formula

3 (eosh)3" () G GO Chii) _ 27\/3

DEngARgEn 9ok (20-172) (8n + 2k +1)

We consider the function

e ) o ()

n 2n

Observe that for £ = 0 we have

0= () (1)

We are looking for a generator of the type

G(n, k) = f(k:)%(an +bk+c)

such that

iG(nk ZG 2‘[

We can solve this problem in an expenmental way looking for integer relations

between
e} o0
ZB(n, k), ZB(n,k)n
n=0 n=0
The structure of program is like this
FOR p=-3 TO 3

FOR ¢=-3 TO 3
FOR r=-3 TO 3

uw(k)= INTEGER RELATION < ZB n, k), ZB n, k) )
I have written a code in PARI-GP following the above idea.

For k = 0 we have, of course, the corresponding Ramanujan’s formula. So
we must investigate u(1),u(2), etc. For these computational purposes we use the
following simplifications

2n+2k 2k . An+2k 2k ,
( Zik ) . Hj:1(2n+j) (272—:%) . Hj:1(4n+]>

Cr I +5)? o) TIF_(2n+ )2
k
<n+k> ;.H”ﬂ (anl/2>/iln(2”“/2j)

If there are still mteger relations then we know the function B(n, k) is valid and we
can easily find the values of a,b, and ¢. So, it only rests to know the function f(k),
but using the package EKHAD this task is very simple.
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A NEW KIND OF RAMANUJAN’S FORMULAS
I show some examples of a new kind of ramanujan’s type formulas [3]

$- (cosmh)(-1)" (2:)4(2:ii’“> (2

8
Lo tmgik ok (nm 1/2) ("H) (20n* + 12kn + 8n + 2k + 1) = —

Z cos Tk (n) ( )( ) (120n + 84kn + 34n + 10k + 3) = 32
216n94k 92k (2n 1/2) (n-',-k) 2

n=0
i (cosmk) (=)™ () (23 ("4 pk) 128
o 220n24k 22]{} (n_kl/2) (Qn’r;‘_k.)Q (2n + k + 1)2 - 772 ’

where

P(n, k) = 3280n* 4+ 4000n> + 1592n? + 232n + 13 + 4592kn> + 3816kn>+
884nk + 62k + +1008nk? + 336nk> + 2160n%k? + 92k2 + 40k3.

For kK = 0 we have

S n/2m\ 5
27(_1) (2") (20n% 4+ 8n + 1) = %,

212n
n=0
oo (2n\4 (4n

32

3 (712)1#(12071 + 340 +3) = =,
n=0
e —1)" 2n\ D 1o
> %(82%2 +180n + 13) = ?28
n=0

The last one adds roughly three digits per term.

SOME MORE SERIES

we get these sums by comparing them to other series in this paper at the value
k = 0. It is also interesting to evaluate them at k = 1/2.

e 2n 2k
Z 28n124k- (TEZ+£)’€2) (677, + 4k + 1) [

n=0 n
oo n\ 2 2n+2k\ (2k

Qﬁl)n (%1) ( n+k )(k) _ 4
HZ:% T o (4 +2k +1) = ~

> n\ 5 r2k\4
0" GG o L
HZ:% 912198k (n:k)él (20n” + 8n + 1 + 24kn + 8k* + 4k) = —
RATE OF CONVERGENCE

To study the rate of convergence of the series in this paper and also for other
purposes, like getting neat sums when k is a rational number, it is convenient to
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express the sums in an equivalent form using pochhammer symbols. By doing it to
many of the obtained series we have formulas with the following aspect

= 1 (3), G-k, GE+HK), _ 42

D T L ]

= ()" (3 k), (3 +K), (5+Fk) 2v2 2%

T;) 23 n12(1 4 k), (6n ) &)

o0 1 1_r Ery 3 1.F 2k

=2 2 (1+3),  (3+3), ™ (%)
where

84n2 + 56nk + 52n + 4k* + 12k + 5
2n+k+1

R(n, k) =

o 22n n2(1+ k), W(Qkk)

=1 (3+k),(1-5),G-5), _2y3 2%

L iR, o enrEe = SEay

S (G0, (8, (G0, G4, o 16v5 20

S (e, (D), 3 3 0)
where

56n2 + 36nk + 34n + 4k? + 8k + 3
2n+k+1
The following two formulas are sums of hypergeometric series of type 5 x 4

R(n, k) =

S 1\3 (1 1
_1\n (L i _ 1 k 4k
Z( D" (5)n (5 —H), (6 + )”(20n2+12kn+8n+2k+1)ZEL

— 22n n!3(1 + k)2 2 (Qkk)z
SN G M C T N Gk ) P 32 2%
7;)27 B2 (120n +84kn+34n+10k+3)_ﬁw

The rate of convergence is roughly the same of the geometric series obtained
taking just the first quotients, in the sense that the number of exact digits they
give is asymptotically the same.

Now I am going to consider one of the above series and show how to get a more
accurate behavior of its rate of convergence. The example I choose is

s =1 (3. G-5.6G-5
Za(k,n):ZQTn n n!3(1+nk)g " (120n% 4 84kn + 34n + 10k + 3)

n=0 n=0

The number of exact digits when we sum N terms behaves like
N
a(k,n) In16 1 InN
1 ~ N —+3k) —
; ©810 [a(k,n—i— 1)] mio (2 * ) In 10

Finally I show another formula I have obtained experimentally
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0 (1h), (), (G0, 40, (G0, mve
=S @y, 6D, YT @
where

R(n, k) = 61613 + 67612 + 214n + 15 + 4400k + 312nk + 46k + 88nk? + 36k2 + 8k3
’ 2n+1)2n+k+1)




GENERATORS OF SOME RAMANUJAN’S FORMULAS

TABLE 1
Gi(n, k) CERTIFICATE
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TABLE 2
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