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Abstract

We prove, by the WZ-method, some hypergeometric identities which
relates ten extended Ramanujan type series to simpler hypergeometric
series. The identities we are going to prove are valid for all the values of
a parameter a when they are convergent. Sometimes, even if they do not
converge, they are valid if we consider these identities as limits.

Introduction

In this paper we are going to prove some hypergeometric identities by using
WZ-pairs [10], [11], that is, functions F(n, k) and G(n, k) related by

G(n,k+1)—G(n,k)=F(n+1,k) — F(n,k)

A package, written by D. Zeilberger and called ekhad [8], allows to obtain F'
from G or viceversa. For our purposes we need the following implication:

G(n,k+1)—G(n,k) = Fin+1,k) — F(n, k) =

Gn+a,k+1)—Gn+a,k)=F(n+a+1,k)— F(ln+a,k)

So, if we denote Fy(n, k) = F(n+a, k) and G,(n, k) = G(n+a, k) then obviously
Fy(n,k) and G4(n, k) is an WZ-pair for every value of a. So, we can write:

Ga(nak + 1) - Ga(nzk) = Fa(n+ 17k) - Fa(nvk)

and summing from n = 0 to oo we get

D [Ga(nk+1) = Ga(n, k)] = > [Fa(n+1,k) — Fu(n, k)] = —F,(0,k)
n=0 n=0



which implies that

o0

iGa(nO ZGn1)+F (0,0) Z a(n,2) + F,(0,1) + F,(0,0) =

n=0 n=0 n=0

o] 3
Z (7,3) + Fa(0,2) + Fu(0,1) + Fo(0,0) = > Ga(n,4) + Y Fu(0, k)
n=0 k=0

and continuing the recursion we arrive to [2]:

oo oo

ZG(nO)—hmZG nk)+ Y Fa(0,k),

n=0 k=0

which is the result we are going to use to get the identities. Finally some easy
transformations of G, (n,0) and F,(0, k) into rising factorials lead to the desire
form of the identities and the proof ends.

Identities for some extended Ramanujan series
We consider an extension with a variable a of some Ramanujan series for 1/7

[3], [4] and [9] and get some identities. Once we find an adequate WZ-pair then
the difficulty of the proof consist of getting the function

leH;OZG n, k)

and very often we have guessed it from

(l) = Z Ga(n70) - ZFa<O k)
n=0 k=0

without finding the proof, so our proofs are incomplete. We will explain with
more detail identities (1) and (2). For the other identities we will limite ourselves
to indicate the WZ-pairs which essentially encapsulate each proof because they
are all similar.

Identities 1
Let

=1 (atd),
1@ =3 g g g B+ @)+ 1)

then we have



and also

a 3
flay =2 — &

Lo S (), (4,
LN T T P I EEN
From (1) we easily get the evaluation:
1 2
/ (2) Bl
and from (2)
4 32
f0) = —, f'(0) = —In2, £7(0) = = (641n2 — 37?)
™ 7r ™
Proof

The proof of (1) is essentially encapsulated in the following WZ-pair:

F(n,k)=8-B(n,k)-n

G(n, k) = B(n, k) - (6n+ 4k + 1)

where

o (28)12 . (2n)13
B(n, k) = 980 94k (1 4 k)12 k12l

For proving it we get:

Do 1 o1 (atd),
e

iGa(n,O) = iG(n—i—a,O) = (
n=0 n=0

2|
[

S R0k =Y Flak) = G). -1-§:8a-(é)i
n=0 o n=0 , 12 4e n=0 ((l+ )721
If a = 0 then

N _ 4
Jim. ;G(n, k) = lim G(0.k) = —

T
and if @ > 0 then

kILH;OT;Gu(n, k)=0

and the proof of (2) is essentially encapsulated in the WZ-pair

16 - n?

G(n, k) = B(n, k) - (6n+ 2k + 1)

(2)



where

(—=1)F  (2K)!- (2n+2k)! - (n—k—3)!- (2n)!?

B(n, k) = :
(n, k) 28n . 94k kl'(n+ k)2 (n—34) n

For proving it we get:

[ee] [ee] 1 3 [ee] a 1 3
z_:oGa(n,O) = Z:OG(TL—HL,()) - (iéa 4% ) ;JQ;LM[G(TL—HL)—FU]

o0

s _ @) 1 .
ZFG(O7I€)_;F(G’]€)_ 13 40 2a-1 0(a+1)k(§—a)k

n=0

and we have guessed that
S(a) = Ga(n,0) = > Fa(0,k) = = - —5—
n=0

Identities 2
Let

o) 1 3
f@) =3 2;((@1;));[42(71 +a)+5)

n=0

then we have )

f(a) = 32a z_% m (3)

and also

16 640 13 1282 i (a+3)?

T cos?ma (%)3 20— 14 (2a+1), (3 —a),

f(a)

From (3) we easily get the evaluation:

and from (4)

f(0) = — f(0) = % In2, f7(0) = % (1441n*2 — 77%)



Proof
The proof of (3) is essentially encapsulated in the following WZ-pair:

F(n,k)=32-B(n,k)-n

(2n+2k+1)2- (42n 44k +5) —32 -k -n - (4n + 3k + 2)
(2n+k+1)2

G(n,k) = B(n, k) -

where
1 (2n + 2k)1% - (2n)!13

Bk = gm0 9% @ 1 BB - (n 1 B2 -t

and the proof of (4) is essentially encapsulated in the WZ-pair:

128 - n?

(2n+2k+1)-(42n+2k+5)—32-k-n
n+k+1

G(n,k) = B(n, k) -

where . 2 1 5
— 2 261 - (n—k—3)!-(2n)!
B(n,k) = CL° | Cnt 2k (n 2) 1( )

212 2%k (4 k)12 (2n+ k) - (n— 3)!-nlt

Identities 3

Let 3
=3 G gy 41y
n=0 n
then we have - ( ) ( 3)
o) = 4a 5+3),5+13),
fla)=ta ) 2 o)
and also
a 3 a2 e a 1 2
Fa) = 2v2 8 13 16 3 1 (a+3), ©

T cosma (1)3 20 — 1 on (a+1), (%7(1)”

2)a n=0

From (5) we easily get the evaluation:

o
and from (6)

2V/2 182
In2
T

=22 o= 2v2

, £7(0) = == (81In*2 — 47?%)

™




Proof
The proof of (5) is essentially encapsulated in the following WZ-pair:

F(n,k)=4-B(n,k)-n

G(n, k) = B(n, k) - (6n+ 4k + 1)

where

1 2n + 4k)! - (2n)!?
B(n, k) = Qg(;n . )26k ’ (n 4(_ 2k)! - (7)1 4-(l<;)!l -n!3

and the proof of (6) is essentially encapsulated in the WZ-pair:

16 - n?

G(n,k) = B(n,k) - (6bn+ 2k +1)

where

(-D*  (2n+2k)2 - (n—k—3)!(2n)!
:29n,25k' (n+k)!3'(n*%)!'n!3

B(n, k)

Identities 4

Let
X 1\ (g + L a+ L a4+ 3
f<a>=20(2§3 e )
then we have - (l) ( Jrl)
fla) = 16a;::0 (aj— ")n@ail)n (7)
and also
pof B S 1 (a+d), (Gavd),
0= 5 e W, 0.0, 15T i Goa),

From (7) we easily get the evaluation:
1
f (2> = 16-1n2

5 70 = L2, o) =2 (1001n®2 — 572)
™ ™ m

and from (8)

f(0) =



Proof
The proof of (7) is essentially encapsulated in the following WZ-pair:
F(n,k)=4-B(n,k)-n

(2n+2k+1)-(20n+4k+3)—16-k-n
2n+k+1

G(n,k) = B(n, k) -

where
(=)™ . (2K)!- (2n + 2K)! - (4n)!
210n . 24k (2n + k) - (n 4+ k)12 - k- nl2

and the proof of (8) is essentially encapsulated in the WZ-pair:

B(n,k) =

48 - n?
Bl k) =B k) 5=
2 2 1)-(2 2 —24 . k.
G(n,k):B(n,k)~(n+ k+1)-(20n + 2k + 3) k-n
2n+1

where

(-1)*  (2n+2k)!- (4n+2k)!- (n—k— 3)!
Bln k) = 210n . 26k 2n+ k) - (n+ k)2 (n— )1 n2!2

Identities 5
Let

© na3n (q 1 a 1 a 5

2971

—
Q
+
—_

Sw

n=0

then we have

and also f(a) =

32v2 5129 512a2 X 1 (a+3), (Ba+3),

L
T2 cosma (1) (1) (3).  2a-1 ;27 2a+1), (3 —a),

(10)

From (9) we easily get the evaluation:

f (;) =1281n2
322

foy= 22 gy = 802

™ ™

and from (10)

322
N ™

In2, 1(0) (225In% 2 — 117%)



Proof
the proof of (9) is essentially encapsulated in the following WZ-pair:
F(n,k) =128 - B(n,k)-n

(2n + 4k + 1) - (154n + 16k +15) — 384 -k - n

Gln k) = Bln. k). W+ k+1

where

_ =y (2n + 4k)! - (6n)!
B(n, k) ~ 9l5n . 96k : (Qn + k)! . ('n, + Zk)! . (n I k)! nl- (3n)|

and the proof of (10) is essentially encapsulated in the WZ-pair:

512 - n2

G(n,k) = B(n, k)x
(2n+2k+1)-(6n+2k+3) 32kn 38n + 14k + 19

- (154 k+15) — :
(2n+1) - (6n + 3k + 3) (154n + 6k +15) 3 (2n+1)-2n+k+1)

where
Bk = CUE A2 Gt )l (n =k 3)!
n, k)= 916m . 95k 2n+ k) Bn+ k) - (n+k)!- (nf %)' gD
Identity 6
Let

o a4+ L a4+ L a4+ 3
O S T

n=0

then we have f(a) =

23 9o 13 3602 <= (3\" (%)
T cos2ma (3), (1.3, R Z <4> (a+1

4 n=0

From (11) we easily get the evaluation:

1
UORE
and also from (11) we get
£(0) = 27‘/3 1(0) = 4ﬂ£(1n3+41n2),
4v3

f(0) = — (32In*2+42In*3 + 16In3In 2 — 377)



Proof

It is essentially encapsulated in the following WZ-pair:

2
F(n.k) = B(n,k) - 4713_6%
G(n,k) = B(n,k) - (8n+ 2k +1)
where
(—1)k-3%  (2k)!- (2n+2k)! - (2n—k — §)!- (4n)!

B(n,k) = :
(’Il, ) 28n . 32n . 26k k. (’I”L + k)l? . (Qn _ %)l . (2TL)' . n!?

Identity 7
Let

° )" (a+1) (a+31) (a+2
Z 2(4n)3n( 2)77, ((a_’_i));( 4)n

n

fla) =

28(n + a) + 3)]

n=0

then we have f(a) =

16v3 48
3r  cosma (%)a(

960> = (3\" (a+3), (2a+3),
a+2a—1z(4> 2a+1), (3 —a), (12)

W= =
~— [ w

o (1)

n=0

From (12) we get:

16v/3 / 1613
= = 1 12In2
J0) =255 F(0) = S 3+ 12102),
1
£(0) = 27‘/3 (144102 4+ In*3 4+ 24In3In 2 — 97%)
s
Proof
It is essentially encapsulated in the following WZ-pair:
96 - n?
F — B Lo

(2n+2k+1)- (28n4+2k+3) —24-k-n

G(n, k) = B(n,k) - 4 k+1

where

(=D)*-3%  (2n+2k)!- (dn+2k)! - (n—k—3)!- (2n)!
212n.3n 26k (2 £ k)2 (n+ k) (n— 1)1 a3

B(n,k) =



Identities for a new kind of extended series

We consider an extension with a variable a of some new series for 1/72 obtained
by me [5], [6] and [7] and get some identities. Once we find an adequate WZ-pair
then the difficulty of the proof consist of getting the function

oo
S(a) = lim Ga(n, k)
k—oo

n=0
but fortunately for the identities in this section we can conmute the limit with
the sum allowing us to obtain the function S(a). We will prove with full detail
identity (14). For the other identities we will limite ourselves to indicate the
WZ-pairs which essentially encapsulate each proof because they are all similar.

Identities 8
Let f(a) and g(a) be the functions:

fla) = Z% (;f ((Zi';‘))??[m(n +a)? +8(n+a)+1)]

S
gla) = ;ﬁmm(n—&—a) +1)]

then we have

S

oo (3),
fla) = 8anz:%m(4n+2a+ 1) (13)
and )
21 a2 326 & (3), (a+3),
f(a>_;.comra (1)2.g(a)+2a—1§;0(a+1)%(§_ ) -
a n= n
and also
8 4¢ 13 32 1 12 2 & (3),(at+3),
fla) = 72 cosd ma (%)5 + T cosma (%)2 20 -1 ZO (a+1), (2 a)n+
a a

10



From (14) we get

2
o f@ 2 112 g(a) () G
1 - —. g 2. —n/  — _198. —
a20 | a3 7 cosma (%)2 a3 -3 Z 16" - (2n+1) 7
And from (15) we get
8 96 64 2 2
f(o):ﬁ? f/(O):ﬁlIIQ, f//(o):3?(541n 2—1 )
Proof

The proof of (13) is essentially encapsulated in the WZ-pair:
F(n,k) = B(n,k)-8n- (2n + 4k + 1)
G(n, k) = B(n, k) - (20n% + 8n + 1 + 24kn + 8k? 4 4k)

where
(=" (2k)!1% - (2n)1°

212n . 98k " (4 k)14 kA pl6
The proof of (14) is essentially encapsulated in the WZ-pair:

B(n,k) =

2-n3
F(n,k) = B(n,k) - #
G(n,k) = B(n, k) - (20n? + 12kn + 8n + 2k + 1)
where
(—=D)F . (=1)" . (2n)1* - (2n+2k)! - (26)12 - (n— k — 3)!
212n . 26k nl7-(n+ k)3 k12 (n—3)!

B(n,k) =

For proving it we get:

oo 1 1 5
N G(n+a,0) = (iza Rent Z 2 ))5 20(n +a)? +8(n +a) + 1))
n=0 a n=0 n

%) 5 . 00 2

S pasy B om0 S ()i s,

P 12 4a 20 — 1 P (a + 1)% (% — a)k
For obtaining the limit:

kll)n;oZG n, k)
We proceed as follows:
= Ga(n j + 1)

;CIEEOZG nk—hmZG n, k+1) HZ:O nOJE[O Galn

11



= lim
k—oo
n=0 7=0 n=0

.':1w
3
M.
+
)_A
|

3
—
=
N
| =

(]2
|~
—
[ NI
~—
3

=

3

+

S

+

=

For proving (15) just use (14) and (2).

Identities 9
Let f(a) and g(a) be the functions:

o] n a+ 1)5
Z 21 " T)[820(n+a) +180(n + a) + 13)]

o) = Y 5 m[w(n +a)+9)

then we have 4

= 128az " 4n+6a+ 1) (16)
and
R G ¥ 2048° & (3+a),
fla)= T cosma (%)2 +9(a) + 20— 1 7;) (2a +1)2 (% — a)n (17)
and also
~ 128 1024 15 1024 16“ 12 a? e (a + %)i
fla)= 72 cosdrma (%)5 + T cosma (%)2 20 — 1};0 (2a+ 1), (% — a)n+
3 oo 1 3
2048a Z (3 j“ﬁ )
2a—1 n=0 (2a + 1)71 (§ - a’)n

From (16) we easily get the evaluation [2]:

f (;) — 256¢(3)

From (17) and using [1] the identity:
o0 2
3 G _4¢
—16m- (2n+1) 7
we get

@) 8160 17 g(a) )’ G
1 - — 9. = —2048- — = —8192.- —
a20 | a® 7 cosma (%)2 asd Z 16™ - (2n+1)

And from (18) we get

=23 [O="3m2 0=

2560
372

(60In*2 — 7?)

12



Proof
The proof of (15) is essentially encapsulated in the WZ-pair:

F(n,k) = B(n,k)-128 -n- (6n + 4k + 1)
G(n,k) = B(n, k)x

(2n + 2k + 1)*

- (820m% 4+ 1 1 k2 + 20k + T2nk)—
Gn k1) (820n~ 4 180n + 13 + 8k~ + 20k + T2nk)

(296nk> + 1056n2k? + 128003k + 528n* 4 800n> + 1344n2k + 608nk? + 28k3+

32nk
408n? + 384nk + 40k®> + 72n + 16k +1) - ————
n® + 384nk + +72n + 16k + 1) Gnt k1)
where:
(=) (2n + 2k)14 - (2n)1°

B(n, k) = 220n 98k " (2 + k)14 - (n + k)14 - plb

and the proof of (16) is essentially encapsulated in the WZ-pair:

2048 - n3

k
@ntk+1)2

(1312n° + 1340n°k + 336nk? + 1456n> + 828nk + 40k® + 472n + 79k + 36)]

G(n,k) = B(n, k) - |820n* 4+ 180n + 13 +

where

B(n,k) =

(—D)F (=) @) 2n+2k) - (n—k—3)!
220n 96k 1T (4 k)B . (204 k)12 (n— L

Identities 10
Let f(a) and g(a) be the functions:

i 1 (atg),(et]), (atd),

2in (a+1); [120(n + a)* + 34(n + a) + 3)]

fla) =

n=0

) oLl 3
OESS 2;1((61::;));[42(71 +a)+5)]

then we have

“(4n +4a + 1) (19)

13



2 1 12 51207 & (42
fla) = 7 4% cos2ma (%)a(%)a ot da—1 go (a+1)7 (% - 2a)n 2
and also
32 16 1 13 5120° & (3),
fla) = 72 cos?ma cos2ma (%)z (i)a (%)a 4a -1 nZ:O (a+1)2 (5 - 2a),,
256 1 12 @ (atd)y
T 4%-cos2ma (1).(3), 2 —1 'HZ:;) (2a4+1)n (3 —a), 2

4 4

From (19) we easily get the evaluation:

From (20) we get

lim f(a)

a—0 a3

ST T - Y
T om 4%.cos2ma (§) (3) @ | _512‘22016"-7 = —2048-—

And from (21) we get

32 512 64 ) )
f(o):§7 fl(o):?1n27 f//(0)=3?(3841n 2—Tm )

Proof
The proof of (17) is essentially encapsulated in the WZ-pair:
F(n,k) = B(n,k)-32n - (4n + 4k + 1)

G(n, k) = B(n, k)x
120n2 + 34n + 3 + 32k% + 128kn + 16k tE 32n3 + 8n2k + 16n + 6kn + 40n% + k + 2

dn+ 4k +1 (An+4k+1)(2n+ Ek+ 1)?

where 1 @220+ 202 (dn)! - (20)12

916n . 98k (2n+k)12- (n+ k)14 k2. nl4
and the proof of (18) is essentially encapsulated in the WZ-pair:

B(n,k) =

512 - n?
4n — 2k —1

G(n,k) = B(n, k) - (120n? 4 84kn + 34n + 10k + 3)

F(n,k) = B(n, k)

where

(—DF  (2n)12- (4n)!- (2k)1 - (2n — &k — 3)!
B k) = Sien g~ - (n+k)2- kB (2n— %)!2

14



Conclusion

We have found a reduction of ten Ramanujan extended series to simpler hyper-
geometric series. We believe all the other Ramanujan extended series admit as
well a reduction but we have not found the adequate WZ-pairs to get them.
It would also be interesting to discover some reduction by using experimental
techniques because it could give the clue for finding the corresponding WZ-pairs
which would prove the identities.
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