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We will discuss the following results:

1. Generalizations of some Ramanujan series for 1/x
which can be automatically proved.

2. Hypergeometric identities which lead us to conjectures
related to Ramanujan series.

3. A conjecture for the Ramanujan-Sato series.
4. A new kind of similar series for 1/72.

5. Generalizations, hypergeometric identities and
conjectures for the new kind of series for 1/72.
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=
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Rising factorials

-

The rising factorial or Pochhammer symbol is defined by

F(a+:1:).

(a)p =ala+1)(a+2)---(a+n—1), (a), = [ (a)

It generalizes the concept of factorial: n! = (1),.
We will need the following properties:

(0o=1, (0),=0, n=123...
If we define C;(n) = (;)n (g)n - (J];l)n then

1 (yn)! .
Cjn) = o0 G =23....

o -
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Ramanujan type series for 1 /7

-

They are of the form:

=

— C(n) L
nz_:oz (1)%(an—l—b):;, -1 <2<,

where z, ¢ and b are algebraic numbers and C'(n) IS the
product of 3 Pochhammer symbols obtained joining blocks:

(1/2)n,  (1/3)n(2/3)n,  (1/H)n(B/4)n,  (1/6)n(5/6)n.

Conversion to factorials:

 Gs(n) 1 (6n)!n!
(1/6)n(5/6)n = CQ(nG)C’g(n) 240330 (2n)!(3n)!

o -
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An example and different kind of proofs

fAn example Is T
~ 1 (3)u(1)n (2 _ 92
> g g 0 1) = 3

It gives approximately log 81 ~ 1.9 digits of = per term.
1. All of them can be proved by finding some functions

z=2(q), a=alq), b=>bq),

which are related to elliptic modular functions and
evaluating them at ¢ = e~™VN for rational values of N.

2. We have proved 8 of them with the WZ-method; a
L method developed by Wilf and Zeilberger (Steele Prize).J
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The WZ-method
-

We say that A(n, k) Is hypergeometric or closed form If

=

A(n +1,k) . Akt
A(n, k) a A(n, k)

are both rational functions.

We say that F'(n, k) and G(n, k) iIsa WZ pair If " and G are
closed forms which satisfy

Fin+1,k)— F(n, k) =G(n,k+1)— G(n,k).

If in addition we have F'(0, k) = 0, then

o

G(n,k) =) G(n,k+1).
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Carlson’s Theorem

- .

If f(2) Is an entire function, f(z) =0for 2 =0,1,2,--- and
f(2) = O(e?) for ¢ < m and R(z) > 0, then f(z) = 0.

For the functions G(n, k) that we will consider, the function

0. ©.@)

f(z)=> G(n,z) = > G(n,0),

satisfies the hypothesis of Carlson’s theorem, and so
> G(n,k) = CONST.
n=0

Is there a method to determine F' from G and G from F? J

o
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EKHAD
-

The answer Is YES, H. Wilf and D. Zellberger have T
discovered an algorithm that finds a rational function
C(n, k), called certificate, such that F(n,k) = C(n,k)G(n, k).

In addition Zeilberger has written the Maple package
EKHAD which implements the algorithm.

So, the proofs of the identities of the form
Y G(n,k)=CONST.,
n=0

with G(n, k) being a closed form, can be automatically
carried over by a computer and are mathematically

Lrigorous. J
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WZ method and 8 Ramanujan’s series

=




WZ method and 8 ramanujan’s series. Cont.

- .

ni) ) (2), %33 (D (90n 4 3) — 5

23;” (%)n%g (D (g4 1) 2_7{3

g Ly (2), %33 D (987 4+ 3 — 12f
> <—12>97;33” (3), %33 (&) (154n 4 15) — 327Tﬂ



Can WZ prove all Ramanujan type series?

fThe most impressive Ramanujan type series with rational z
are:

=

£ 882" (1)3 r—
-1 (3), (1), (5), 08011/
2994n 1% (26390n +1103) = ———,
n=0
i (=)™ (3),, (), (), 545140134n + 13591409 /10005
53360 (1)} 426880 R

Can they be proved by the WZ method?

o -
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Series for 1 /7. WZ1+Carlson’s Th.

00 1 3
Z(_D” ((i))’”' (477, 4+ 1) — 2, Ramanujan.

T
n=0

Generalized series (proved by Zeilberger):

00 1\2 (1 2k

n2

2n — 2k — 1’
The value 2/7 has been obtained for £ = 1/2, by observing
that n # 0 = (0), = 0 and (;;,) = 7.

o -
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Program 1

-

We have written a program to look for functions G(n, k)
characterized by:

=

1. They have 3 rising factorials in the numerator and in the
denominator.

2. The rational part is a polynomial of first degree in the
symbols n and .

3. One of the rising factorials in the numerator produces
(0), at k = 1/2.

4. The exclusive function of £ produces the constant when
it IS evaluated at £ = 1/2.

The program includes a function of EKHAD to certify if
G(n, k) 1s the second component of a WZ pair.

o -
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Series for 1 /7. WZ2+Carlson’s Th.
- - o
Z Q;n (?)g" (6n+1) = :

29 (1)} ™

Generalized series:

. Ramanujan.

SERCINCET N CRT0 AN ¢

92n (D2(1+ k)y, 02k o

n=0
16n>

on—2k—1

The value 4/7 has been obtained for £ = 1/2, by observing

that n # 0 = (0), = 0 and (;;,) =

7_‘_ .

o -
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Series for 1 /7. WZ3+Carlson’s Th.

- iy .
~ (-D"(3), 212
2(2373 (

(6n +1) = ——, Ramanujan.
n=0

)4 0
Generalized series:

—_ (DO

N _1nl_knl+knl+kn 2k 2\/§
2_%(232 ; )(152(1+)k)i2 ) (6””]““)(2%):7-
16n?
St k) =5 o7

The value 2v/2/7 has been obtained by taking & = 1/2.

o -
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Series for 1 /7. WZ4+Carlson’s Th.

- -
$ 0 0y )y B 45— 8

2
n=0 27" (

. Ramanujan.

Generalized series:

> 1yn (L 1 _k 3 _k 2k
2(221?2 (z)n(é) (i)—|—](g§ 2)n(20n+2k+3)%:

- )
n=0

64n?
An — 2k — 1
The value 8/7 has been obtained by taking £ = 1/2.

o -
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Series for 1 /7. WZ5+Carlson’s Th.
- o

= 1 (3), (1), 1), 23 |
nz_% 32n (13 (8n+1) = — Ramanujan.
Generalized series:
1 (3+k),G-35),0-3), 3E() 2v3
128n2
Sn. k) = zn—zz— 1

The value 2v/3/7 has been obtained by taking & = 1/2.

o -



Chains of WZ pairs
- o

Let F'(n, k) and G(n, k) be the two components of a WZ pair
such that F(0, k) = 0. If we define

Fsi(n, k) = F(sn,k +tn), s €7 — {0}, teZ,

then F;.(n, k) and G (n, k) are also the components of WZ
pairs such that £ ;(0,%k) = 0 and

Y Goplnk) =Y G(nk)=CONST.
n=0 n=0

The proofs of the Ramanujan type series that we are going
to see now are based on these kind of transformations.

o -

—p. 1975



Series for 1 /7. WZ6+Carlson’s Th.
-

We make the transformation F'(n, k) = Fy(n, k + n).

i L (3), G=HF),G+Hk), G+FK),
=2 Wa(l+39), (3 +32),

(2n + 2k + 1)(42n + 2k 4+ 5) — 30kn (%) 16
X = —.
2n 4+ k + 1 22k

=

The value 16/ has been obtained by taking £ = 1/2.
Setting k£ = 0, we get

o0 1\3
1 (3) 16 |
Z 26m (1)5 (42n T 5) — ?, Ramanujan.
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Series for 1 /7. WZ7+Carlson’s Th.
-

We make the transformation F(n, k) = F5(n, k + n).

=

i )" Gk, G+3),G+5),G+H),

4 k 1 k
i 7 (1+5), (5+3),
(2n + 2k + 1)(28n + 2k + 3) — 24kn 3F (%F)  16V/3
X == .
on+k+1 24k 3

The value (16/3)v/3/7 has been obtained by taking £ = 1/2.
Setting £ = 0, we get

i (_1) (%)n (i)n (%)n (28n + 3) _ 16\/§

£ ingn(1)3 3
. o
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Series for 1 /7. WZ8+Carlson’s Th.
-

We finally prove the following Ramanujan type series

=

i (_1)n33n (%)n (%)n (%)n (154n 4+ 15) _ 32\/§

— 29 (1)3 T

Proof: We make the transformation F(n, k) = F3(2n,k —n)
and use package EKHAD to obtain G(n, k). Then we have

» G(n,k) = CONST.
n=0

To obtain the value of the constant we evaluate at k = 1/2.
Finally we take k& = 0.

o -
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Modifying WZ pairs
-

If (F(n,k), G(n,k))Is a WZ pair, then Zeilberger has proved
the identity

=

0. @)

iG(n,O lim G(n, k) +ZFO/€

k
_>OOn 0

We can define a family of WZ pairs by means of
F.(n,k)=F(n+uxzk), Grink)=Gn+xk),

So, Zellberger’s theorem implies

o ©.@)

ZG(n+x 0) = lim G(n+x, k) +ZF:€]~€

k— 00

\— n=0 n=0 J
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Reduction with WZ1
B | -

For > ,G(n + x,0) one obtains

= D 1
2V, [2(””“2]’

and for limy .o > . G(n+ax,k)+> .-, F(z, k), one obtains

11 (1)’
1 5
f<$)_7rcosw:v+ 2:13—1 32 (z 4+ 1)n ) ’

that we will call a reduction. From it, we get the expansion

1 T

flx)==—=2*+0
B () = = — 2% + O(c), a
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Reduction with WZ2

Reduction:

1 4 (1) © (1) (1
flz) = T cos? m ol (22 —(12)212(1)52 Z .G

We get the expansion

o



Reduction with WZ3

3 —
(1) (3) e [3V2 V2
flz) = — (n+z)+—|.
n—0 3"+ (1)??;,—|—$ 4 |
Reduction:
11 12 (1) & L)’
f(.f) _ _|_$2 (22:15 - Z (2 ln
T COS T (22 —1)8%(1)2 = on(1+ )y, (5—2),
We get the expansion
L3 3
f(x) = — =T + O(x?).

o



Reduction with WZ4

Reduction:

flo) =~ +a

26 (3), (1), (3)y <~ (5+2), (5 +20),
L1 gx)()()z4+)(+).

T COS T (

We get the expansion

f(x) = % — gch +O(2?).

o



Reductions with WZ5 and WZ6

00 1 1 ;
f(CC) = Z 9n1—|—x (Q)n—i—:l: ((411))?7)1—1—33 (4)n+x 4\/§(n N x) N g
n=0 n-+x
=1 (3. (21 .

We get the expansions

f(x) = % — 2nz* + O(a?), g(x) = — - 3nz? + O(2?).

o




Reductions with WZ7 and WZ8
L o

o n (1 1 3 i 7

g($)5;3(__1y1(%)n+ﬂ:(%)n+ﬂ;(%)n+x -77\/5 s 15»&2_'

= (n+ )+ ——
3(n+x
n=0 (%) ( )<1)%+x _ 32 04
We get the expansions
flx) = L Z?TQZQ +O(2?), g(x) = L zm:2 +O(a°).
T 2 T 2

o -



Program 2

-

We have written a program to look for functions F'(n, k)
characterized by:

=

1. They have 3 rising factorials in the numerator and in the
denominator.

2. All the signs in the rising factorials are positive.
3. The rational part is just n

4. The product of k£ and the exclusive function of £
produces the constant when we take the limit as k£ — oc.

The program includes a function of EKHAD to certify if
F(n, k) I1s the first component of a WZ pair.

o -
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WZ9. Series and reduction

i(_l)n<%>i<g+k> AP (4 N

24k

()
lim ZG n,k) = lim G(0,k) = lim

k—>oo k— 00 k— 00 24k (2k+1)
N R
flz)=> (-1) ey At o)+l
n=0 n

Lwhere G I1s the Catalan constant.

ﬁ O



WZ10. Series and reduction

00 1 1\3 2k 4
> o ] +(2))§(1)n(6n +4k +1) (2‘“42 =—.




WZ11. Series and reduction




WZ12. Series and reduction

-

We make the transformation F(n, k) = Fy(n, k + n).

=

S (3, (), (3, G K, (%)’
20 (L4 k) (L4 5), (5+5), 2%
(2n + 2k +1)(20n + 4k + 3) — 16kn 8

X = —.
2n+ k +1 T

n=0

ey n (o 1 T 1 T 3
f(x):Z(_l) ( +2)n( +4)n( +4)n

20(n + x) + 3],




WZ13. Series and reduction

-

We make the transformation F'(n, k) = Fig(n, k +n).

=

(2n + 2k + 1)%(42n + 4k + 5) — 32kn(4n + 3k + 2)
(2n+ k + 1)?
1 (et

n=0 n

R(n, k) =

< (z+ 1)’ 1 8
f(z) = 325”2_:0 ((2;1; +21))%’ / (5) =37

o



©.@)

WZ14. Series and reduction

n33n (

PR, (D,
(2n + 4k + 1)(154n + 16k + 15) — 384kn  32v/2

X — .
2n+k +1 T

1
29n ) (

i (—1)"3% (r+3), (#+5), (£ +5), [154(n+2)+15),

e 311, (5+), 1y
=128z ) T 1) el f(§> = 1281n2. a



The PSLQ algorithm

fIf (x1,...x,) IS @ vector of real numbers, then the PSLQ T

algorithm finds a vector (ay, ..., a,) of integers (with a; # 0
for some j), such that (with the number of decimals that we

are using)
aix1 + -+ anxy, = 0.

The vector it finds has the smallest possible norm.

The PSLQ algorithm is very useful to discover identities but
we need another method to obtain rigourous proofs of them.

o -
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Evaluations at x = 1/2

-

Let B(n,z) = (§+ 1), (4 +2), (3 +2), (1+);% and

VAR TR e 1123
flx) = 7;)(—1) <@) . B(n, z) [5365(71 + ) + T] ,
/1 0\t 13195 1103
(z) = — - B(n, ) (n+z)+—2|,
’ ,,;) <994) V2 2/2 ]

f(0) = ¢(0) = 1/x. With the PSLQ algorithm, we find that

f(1/2) =In2+10In3 -61In7,

13 2 2
L g(1/2) = 7% — 16 arctan g — 24 arctan g

=



Conjecture

- .

Let us consider the function (v = loru = —1)
R(x) = Z uw"B(n + 2)2" ™ a + b(n + x)].
n=0

If R(0) =1/m with z, a, b algebraic numbers, then there is a
rational number £, such that

1k
R(x) = — - %:f + O(z).

It implies that u, B(n) and k£ determine z, a and b by solving
(numerically and then using identify) the equations

| R(O):%, RO)=0 and R'(0) = —kr. B
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How to solve the equations

-

If we define the functions of x (and also of z):

=

S(x) = Z u"B(n+x)", T(z) = Z u" B(n+x)2" T (ndx).

n=0 n=0
Then z, a and b are the solutions of the equations

05(0) + bT(0) = % 08'(0) + bT'(0) = 0,
aS"(0) + bT"(0) = —k.

We have conjectured that the last equation is equivalent to

S'(0) = =1V NS(0),
|

-
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Series of positive terms. Example £ = &

-

The sum is always 1/m.

=

i% (97 — 56v/3)" (\/78\/§—135+6\/14\/_ 24 n>
n:O

= (3)0 (2), (1), 22 20V2

nz:% O (81) 9 9 )
o~ (), (3), (B), (18VT =34\ (TVT 10 1377
7;) (1)3 54 27 9 )

= (2), (), (3)., 2V15  22V/15
ZH (1)3 (125) ( 25 222515”>' B



Ramanujan-Sato’s series

B -
iBn <ﬁ1> (20n+10—3\/5):20\/§+9\/ﬁ,
n=0

2 o

where B,, are the Apery numbers, defined by

5> (1) ()

k=0

which satisfy the recurrence:

n°B, — (2n —3)(17n* = 1Tn +5)By_1 + (n — 1)°B,,_3 = 0.

o -
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A method to obtain families of series

-

Let S(z) and W (z) be the functions

S(z) = i B,z", Wiz) = i B;%z”.
n=>0 n=0

Then if z(q) Is the solution of the equation

q:

te VN

Z exp

7

W(z)
S(z)’

the functions b(q) and a(q) are given by

1 B q\/NdS_

S dq|

=
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Example

N .

For B, =7, (2‘]?)2(22:?)2, we get

2 = q—8¢°+44¢> —192¢* +718¢° —2400¢°+7352¢" —20992¢5+- - -,

S = 148¢+24¢> +32¢> +24¢* + 48¢° +96¢° + 649" + 28¢5 +- - - .
These expansions seem to correspond to

— S =63
166§(q)7 B(Q)v
Ba(q) = Z g +1/2)° 03(q) = Z an

~ To prove that » and S are right use Yifan Yang's method.
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Similar series for 1 /7

-

o
nc(n) 2 1
Zz )y (an +bn+c):ﬁ, —1<z<1,

n=0

where z,a,b and c are algebraic numbers and C(n) Is the
product of 5 Pochhammer symbols obtained joining blocks:

1/2)n, (1/3)n(2/3)n,  (1/A)n(B/4)n,  (1/6)n(5/6)n,

(1/5)n(2/5)n(3/5)n(4/5)n,  (1/10)n(3/10)n(7/10)n(9/10)p,
(1/8)0(3/8)n(5/8)n(7/8)n,  (1/12)0(5/12)n(7/12)(11/12),,.

(L 3/8)n(5/9uT/8)n = G = 5

LWe have proved some of them with the WZ-method.
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Series for 1/7%. WZz15

- 5 .
(2) (i)

1), (1 - k)1 -8n(2n +4k +1) )

DO —

F(n,k) =

DO|—

= () () _ s
n 20m° 14 24kn 4 8k* +4k) £ = —
222”(1)n(1+k)%( On”+8n+1+424kn+8k*+4k) Sk = 3

n=0

k — oo determine the constant 8/72. For k = 0, we obtain

00 1\°
(=" (3) 2 8
(20 8 1) = —.
> Gt oot +en 1) =

—p. 46/%



Reduction obtained with WZ15

So L (o D)

P (T 1) 20(n+ x)” 4+ 8(n+z) + 1] .




Series for 1/7%. WZ16 y WZ17
—

2 4

=1 (3), (1), ()
nz;)%m 2/n (11)5 171 (12002 + 34n + 3) =3
5 4 1

—1)" 5. (3 +k ok

:(2107)1 (:)f (12 k)gf (2‘682 -128n(6n+ 4k +1)
(1+3), (z+3), (Dn
< (—1)7 (4); 12
> (21071 Ei))g (820n + 180n + 13) = 728

—p. 48/



Reduction obtained with WZ17
- o

& () (et ), :
f@) =) EEnY: [820(n + x)? + 180(n + z) + 13] .
n=0 n
) 1
= 128 Z 4n + 6x + 1), f <§> = 256((3).

(This series for ((3) was first obtained by T. Amdeberhan).



Expansions in powers series

- .

S~ n (L1
Z 2(2;342:1;) ((i))nﬂ; 20(n+z)* +8(n+x)+1] = %—4x2+0(x4),

T

(D" (D)t :
nz;) ST (1)5 820(n + x)% + 180(n + =) + 13]

12
_ 12 50002 4 0.

a2

The above expansions have been found by experimental
methods and suggest the following conjecture.

o -
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Conjecture

-

Let us consider the function (v = loru = —1)

R(x) = Z u"B(n + 2)2" % a(n 4+ x)* 4+ b(n + z) + d,

n=0

If R(0) = 1/72 with a, b, ¢, z algebraic, then there is a rational
number £, such that

1k
R(x) = 3 §x2 + O(zh).

It implies that u, B(n), k determine z, a, b, c by means of

R(0) = R(0)=0, R'0)=—k R"(0)=0.

N ™ -



Conjecture: Examples k = 1,2, 3

-

For k=1

=

o0 n (L)?
> =D (i);’(QOnQ +8n+1) = S

72

§ LR, a0, 41— 2

77'27

S " (4, (1, By By By g5 5) - 2

5 -

n1248m T
n=0




Conjecture: Examples &k = 5,7, 8

-

For k=5

= (=1)" (3 12

> (21(1)7)1 E%)g (820n* + 180n + 13) = 728

n=0 n
For k =
< (=D (3). (3). (3) (3). (3 2561/3
For k =

5 (8 (8 B 0 50,2 g 4 15 = VT




Conjecture: Example &k = 15

o .

For k =15
> (—1y (LY (LY (2) (L) (2 12
—~ n!5803n T2
1 1 1 2\ [5\ 1 (6n)!
(9,6.6),6),),-cw0- -2
o (B! (1) _ 1283
D 6 oaggan (0418n” +693n +29) = ——.

n—



Series for 1 /7 Series for 1/7?

Theory of modular functions Modular-like theory?

Equations for z, « and b Equations for z, a, b and ¢
The eq. for z Is reducible | Is the eq. for z reducible?

WZ method, all? WZ method, all?

— p. 55/8



ADDEMDUM

- .

#® About the WZ-pairs which prove Ramanujan series.
The Ramanujan J. (to appear).

With the WZ-method we prove the Ramanujan series:

5 (1) B g, 28

—\2 (1)

= (—9\" (3). ), (), 43
ZO(E) T =5
Z (%) (2), ((fgg (g)”(51n+7) — 127;/3
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