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Abstract

Using the second conjecture in the paper [10] of the author and inspired by the
theory of modular functions we find a method which allows us to obtain explicit
formulae, involving 7 or  functions, for the parameters of a class of series for 1/7.
As in [10], the series considered in this paper include Ramanujan’s series as well as
those associated with the Domb numbers and Apéry numbers.

1 A special type of recurrence

The sequence of integer numbers
2n)!3

n!6

satisfies the following recurrence
n*B, —8(2n —1)’B,_; = 0.

Other sequences of integer numbers satisfying a first order recurrence whose coefficients
are third degree polynomials:

B~ @
5= g

and (6n)!
= G w

satisfy the recursions

n*B, —8(2n — 1)(4n — 3)(4n — 1)B,_; = 0,
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n*B, —6(2n —1)(3n —2)(3n —1)B,_1 =0
and

n*B, —24(2n — 1)(6n — 5)(6n — 1)B,,_; = 0,
respectively. Examples of sequences of integers which satisfy a second order recurrence
with third degree polynomials as coefficients are [1]: The sequence of Domb numbers [5]

)

n’B, —2(2n — 1)(5n® = 5n + 2)B,_1 + 64(n — 1)°B,_5 = 0, (6)

which satisfy
the sequence of Apéry numbers
n /N2 [ b 2
=2 () (0) "
= \J j

n’B, — (2n — 3)(17n* = 1Tn + 5)B,_1 + (n — 1)’ B, = 0,

B, = fj <",>4 8)

which satisfy

as well as the sequences

j=0 \J
and s3]
& s +7\ (3))!
B,= Y 3" 33(”,)(”. ) Ay 9
jz:% )\ 7 ) i¥ ®)

which satisfy similar recurrences. Our interest on sequences of integers B, satisfying
a recursion with third degree polynomials as coefficients, comes from the fact that for
certain of them [1] there exist algebraic numbers z, a and b such that

i B,z"(a+bn) = 71r (10)

n=0

Series for 1/ associated to the sequences in (1), (2), (3) and (4) were first discovered by
Ramanujan and had been extensively studied later. Proofs can be found in [2] [3], [4], [7]
and [11]. In [9] the author gave simpler proofs of some identities of the form (10) using the
WZ-method. Series for 1/ using the Apéry numbers (7) were presented in a talk of T.
Sato [12]. Motivated by them similar series for 1/7 associated with the Domb numbers (5)
have been studied and proved in [5]. H. H. Chan [6], also gives some examples of series for
1/m associated to several sequences, one of them to the numbers (9). Y. Yang has proved
similar evaluations [15] using the numbers (8) and following a technique explained in [14].
Other sequences satisfying recurrences with third degree polynomials as coefficients [1]
will be used in the examples of section 4.



2 A companion sequence

To each B,,, we associate a companion D,, defined by

dB,,
Dn = ;
dn

where d/dn means that we differentiate as if n were a continuous variable. From the
recurrence of B,, we can obtain a recurrence for D,,. For example, the recurrence (6) for
the Domb numbers (5) can be written in the form

_ 2 _ _1)3
2n — 1)(5n* — 5n + 2)Bn71 B 64(n 31)

(
B, =2
n3 n

an2

and differentiating with respect to n, as if n were a continuous variable, we obtain

Dn =2 Dn—2+

(2n — 1)(5n§ —5n +2) D\ — 64 (n —31)3
n n

6———B,-1 — 192

4

5n? — 6n + 2 n—1)>2
-,

n n

From the initial conditions By = 1 and Dy = 0, we get

Bl - 4BO + OB,l = 4, D1 - 4D0 + OD,1 + 630 + OB,l - 6 (11)

and with those values and using the recurrences, we can determine By, Bs,...and D, D3, .. ..

3 Two conjectures

In this section we give a method and two conjectures which will allows us to obtain explicit
formulae, involving 1 or € functions, for the parameters of a class of series for 1/7.
Motivated by the theory of modular functions we begin by introducing the variable

g=e VN, (12)

Now, inspired by the paper [10] of the author, we define the functions

S(z) =>_ B,z", (13)
n=0
Wiz =2, " =3 Duz



and consider the following equation relating z and ¢

q = zexp I;/((;)) (14)

If we write 2z as a series of powers of ¢
_ 2 3 4
z =g+ g’ +azq’ +ougt 4 (15)

then, the coefficients are given by

Lz
o = lim—,

Z—>0q

. R—0onq
as = lim SR

. 2 —0pq — oq
a3 = lim

z—0 q3

In the same way, if we write S as a series of powers of ¢

S =1+ pBiq+ Boq® + B3¢° + Bag* + -+, (17)

the coefficients are given by

-1
61 = 111%57
zZ— q
. S —=1-pq
B = lim—-p——,
2—0 q? , (18)
_ S 1B P

Conjecture 3.1 The coefficients of (15) and (17), given by (16) and (18), are all integer
numbers and z and S are the product of a finite number of Dedekind n functions:

_q1/24 H )

Besides, for some rational values of N, z is an algebraic number.

We define the function

i dd =W(z)+1n(2)S(2).



From (12) and (14), we get the equation

V(=) _ —mVN (19)

5(2)
Inspired by the paper [10] of the author, we consider the system
asS + bzﬁ _ 1
dz T
(20)
aV + bzﬂ = 0.
dz
From (19) and the second equation of (20) we get
d
a(lng)S + bz@ [(Ing)S] = 0. (21)
and using (21) we find
1 (d2\"" ds
1 - = Ing)—| = 0. 22
a(lng)S + bz q(dq) S—l—(nq)dZ] 0 (22)

From (22) and the first equation of (20) we obtain the following formula which allows us

to determine the parameter b
b q dz
. el 23
VN 2Sdq (23)

Using the first equation in (20), we get the following formula for the parameter a
L(1_, dS\ _ 1|1 dS(d -
a=—|——bz—|==|=-—bz— | —
S\« dz S| dq \ dq ’

which, with the use of (23), gives
_1i1 qV'N dS ’ (24)
ST S dq

which allow us to determine the parameter a.

Conjecture 3.2 Substituting the values of z and S in (23) and (24) we obtain values for
a and b such that the following identity holds

> 1
> B,z"(a+bn) = — (25)
n=0

Besides, for the rational values of N for which z is an algebraic number (see conjecture
3.1), the parameters a and b are also algebraic numbers.



4 Examples

Example 1

We take the sequence of numbers:

n19N\2 (9 _ 95\ 2
=50 Go)
j=0 J n—j

The numbers B,, are obtained recursively by setting By = 1 and

(n—1)°

2n—1)(2n% — 2n + 1
p,=glZ D@ m A g s
n

B, _s.

Although this is a second order recurrence, we can obtain Bj as in (11). The companions
D,, satisfy the recursion Dy = 0 and

o2n — 1)(2n% — 2 1 —1)3
p, =g V@ m2n )y sV Ly
n n
6n? —8 3 —1)?
8%3,1,1 _ 768%37%2
n n

and again, we obtain D; as in (11). Following the method described in section 3, we get
z=q—8¢" +44¢° — 192¢" + 718¢° — 2400¢° 4 7352¢" — 20992¢° + - - -,

S =1+ 8q+ 24¢* + 32¢° + 24¢* + 48¢° + 964¢° + 64¢" + 28¢° + - - - .

Searching the sequences of the coefficients of these series in The On-Line Encyclopedia of
Integer Sequences [13], we find that

L 0ilg _ M)
1603(q) 16

(26)

S =05(q), (27)

where 05(q) and 03(q) are Jacobi theta functions and A*(q) is the elliptic lambda modulus
function, defined by
03(q)

03(q)
Substituting in (13) the values given in (26) and (27), we obtain the formula

0= 35 (i) -

n=0

N(q) =




Substituting (26) and (27) in (23) and expanding in a power series of ¢, we get

b
—— =1-16q + 128¢° — 704¢° + 3072¢* — 11488¢” + 38400¢° — - - -.
JN 4q q q q q q
Again, using The On-Line Encyclopedia of Integer Sequences [13], we are lucky and find
that b 04(0) 04(a)
q * 2 4\q
——=1- 2T =1-)\(¢)? = : 28
VN 03(q) @ 03(q) 28)
Substituting (27) in (24), we obtain
1 1
L 4\/qu : )dQ;(Q)
™ 3\q q * 2
a = =a(—q)[l — X (q)], 29
) (=)l (9)7] (29)

where «(q) is the elliptic alpha function, defined by

— — 4N
™ T0.(q) dq

o) = )

Substituting in (25) the values of the parameters given in (26), (28) and (29), we obtain
the following formula:

71T =[1-X(g)? 23" (A*(qy) [a(=g) + VN1,
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where ¢ = e ™V or ¢ = —e ™V
Example 2
We take the numbers defined recursively by By = 1 and
2n —1)(3n? — 3 1 —1)3
B, =42 DG Zint ) =y
n n
The companions D,, satisfy the recursion Dy = 0 and
2n —1 2 1 —1)3
Dn:4( n )(Sn3 3n + )Dnﬂ _16(n : ) D ot
n n
9n? — 10 3 —1)2
Pt LR S b
n n



Following the method described in section 3, we get
2z =q—8¢* + 28¢° — 64q¢* + 142¢° — 352¢° 4 792¢" — 1536¢° 4 2917¢° — 5744¢™ + - -
and
S =1+4q+ 8¢> + 16¢> + 24¢* + 24¢° + 32¢° + 32¢" + 24¢® + 52¢° + 48¢*° - - -

With The On-Line Encyclopedia of Integer Sequences, we find

S = 03(0)03(¢%). (30)
Using the Maple package g¢-series [8], more specificaty the functions prodmake and eta-
make, we find that
o /1 _ q2n+1 8 q8 q 8
z=q]] ( sntd | i 2) i 4) : (31)
a0 \1 —q n(q?) n(q*)
From the identities [§]
20,4
n°(¢")
O2(q) = 2 ,
2{4) n(q?)
5(,2
n°(¢°)
0s(q) = : 32)
sld) n*(q*) n*(q) (
2
n”(q)
04(q) = :
+{4) n(g?)
we can get
1 . 1/6
n(a) = |500(04)| . (33)

which allows to convert formulas using the Dedekind 7 function into formulas using the
Jacobi 6 functions 6, 03 and 6,. From (31) and using (33), we can express z with 6
functions. A more simplified formula is

2= [92012) 0a(q) r
02(q) 04(¢*)] °

which can be obtained by using the first and third identities of (32). Substituting (30)
and (34) in (13), we obtain the formula

(34)

— 0y ’ 04 . 2 2/ 2
35, [ D — o)



Taking the logarithm of (31) and differentiating with respect to ¢, we get

(2n + 1)g* ! > (8n + 4)¢® T

qdz
= 82—%1—82

35
zdg 1 gt (35)

From the formula (3.2.24) of [3] and the identities 04(—q) = 03(q) and 05(—q) = —03(q),
we get

2n + 1)q2n+1

—2n+1’

05(q) + 05(q) = 1+24Z
which allows us to write (35) using 6 functions:

qdz  405(q") +405(q") — 03(q) — b5(q)

Sda (36)
Substituting (30) and (36) in (23), we obtain
b 405(q") +405(¢*) — 03(q) — 05(a) (37)
VN 303(0)03(¢)
Substituting (30) in (24), we obtain
1 db 1 db
il e )
L s@ dg  0s(¢*) dq ) (38)

Substituting in (25) the values of the parameters z, b and a given by (34), (37) and (38),
we obtain a family of series for 1/7.

Example 3
We take the numbers defined recursively by By = 1 and
2n —1)(3n? — 3 1 —1)3
B, =32 DG =3t )y =y
n n
The companions D,, satisfy the recursion Dy = 0 and
2n —1)(3n2 — 1 —1)3
Dn:3( n )(Sn3 3n + )DMJFWwDHJF
n n
9n? —10n + 3 —1)2
I Mty U,
n n



Following the method in section 3, we get

z = q—06¢+9¢% +22¢* — 102¢° + 108¢° + 221¢" — 858¢® + 810¢°+
147640 — 5262¢™" + 4572¢'2 + 7802¢" — 26112¢™* + 21519¢"° + - - -

and
S =1+3¢+9¢* +12¢° + 21¢* + 18¢° + 36¢° + 24¢" + 45¢® + 12¢° + - - -

Using the Maple package g-series [8], more explicitly the functions prodmake and etamake,

we find that ( o (@) ()
B 00 1_qn+161_q9n+9)6_ TIQTqu 6
zZ = qnl;lo (1 — q3n+3)12 - [ 772(613) ] (39)
and 0 (1 — gont3)10 10(43)
. —q g
S= nli[o (1 — gnt1)3(1 — ¢+9)3 - n3(q) 13(¢°) (40)

The expressions of z and S allows us to write the formula

< [l n@)]™ 7"
;%B"l n2(g?) ] ~ Pg) PP()

And substituting in

s S dqg

> 1({1 ¢/NdS gV N dz
B,2" | = —n| =
7;)"”2 [S< >+ 28 dg"

1
77
the values of z and S given in (39) and (40), we obtain another family of series for 1/7.

Example 4

It seems that conjecture 3.1 (but not conjecture 3.2) remains true when we consider
certain sequences of integers satisfying recurrences whose coefficients are second degree
polynomials [1]. As an example we take the sequence of integers [1]

" (n\ (2k\ (2n — 2k
w2 (00
im0 \k)\ Kk n—=k
This sequence satisfies the recurrence By = 1 and

4(3n? —3n +1)
n

B, =

10



The companion numbers D,, satisfy the recurrence Dy = 0 and

4(3n — 2 64(n — 1
p,=2Bn=2p Gy
n n

4(3n* -3 1 32(n —1)?
G’ =sntl)p 32010,
n n

Following the procedure in section 3, we get
z=q—4¢* +12¢° — 32¢* + 78¢° — 176¢° + 376¢" — 768¢° + 1509¢° — 2872¢*° + - -

and
S=1+4q+4¢*+4¢" +8¢° +4¢® + 4¢° +8¢'° + - - -.

Searching the sequences of the coefficients of these series in The On-Line Encyclopedia of
Integer Sequences [13], we are lucky and find that

B lf&qffr l‘nzéqj;)]z - i

and
S =63(q),
which allows us to write the formula

- 9§(q2) n_ 2
T;OB” [492(61)] = 05(q).
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